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We propose a new inner product for scalar fields that are solutions of the Klein-Gordon equation with
m2 < 0. This inner product is nonlocal, bearing an integral kernel including Bessel functions of the second
kind. The associated norm proves to be positive definite in the subspace of oscillatory solutions, as opposed
to the conventional one, although some regularization procedure is required. Poincaré transformations are
unitarily implemented on this subspace, which is the support of a unitary and irreducible representation of
the proper orthochronous Poincaré group. We also provide a new Fourier transform between configuration
and momentum spaces, which is unitary, and recover the projection onto the representation space. This new
scenario suggests a revision of the corresponding quantum field theory.
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I. INTRODUCTION
The Klein-Gordon equation with a negative squared
mass,m2 ¼ −κ2 < 0, generated an interesting debate in the
late 1960’s and the 1970’s. Assuming the usual signature
ðþ;−;−;−Þ as well as units in which ℏ ¼ c ¼ 1, it is
written
∂μ∂μϕ − κ2ϕ ¼ 0: ð1Þ
Originally, the corresponding quantum field theory was
thought to represent faster-than-light particles [1].
However, the theory did not succeed; one of the main
issues being the problems with the causality [2] and the
unitary implementation of Poincaré transformations on this
simple model [3–7]. In this sense, although the represen-
tations of the Poincaré group for m2 < 0 were not origi-
nally analyzed by Wigner [8], later authors constructed
such representations, but only in momentum space [9–11]
with support on the one-sheet hyperboloid. A unitary and
irreducible representation realized on configuration space
was still, surprisingly, lacking.
More recently, tachyonic modes were found to be present
in many different physical models [12–22] and have been
assumed to represent unstable states. Regardless of the
nature of tachyonic modes, either fundamental or not, or
their actual role in any physical theory, our aim in this paper
is to point out that a description of the scalar solutions of (1)
consistent with a unitary and irreducible representation of





dσμðϕðxÞ∂μφðxÞ − ∂μϕðxÞφðxÞÞ; ð2Þ
where x ¼ ðx0; x⃗Þ, Σ is a spatial Cauchy hypersurface, and











0 ðϕðxÞ∂μ∂ν0Kðx − x0Þφðx0Þ
þ ∂μϕðxÞKðx − x0Þ∂ν0φðx0ÞÞ; ð3Þ




, and Y1ðxÞ is
a Bessel function of the second kind. If we choose to fix Σ
at x0 ¼ 0, we obtain the more convenient form,
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þ ∂0ϕðxÞk1ðjx⃗ − x⃗0jÞ∂00φðx0ÞÞ; ð4Þ
where k2ðrÞ ¼ Ỹ2ðκrÞr2 and k1ðrÞ ¼ −
Y1ðκrÞ
κr . The tilde in
Ỹ2ðxÞ indicates that a proper regularization is required
(see later). Note that, even though the kernels k2ðrÞ and
k1ðrÞ are oscillatory, they are positive-definite kernels on a
suitable subspace (see below). With the aid of (3)–(4), we
want to show that the quantum theory of a scalar free
“tachyon” field with wave equation (1) is self-consistent
and behaves as the scalar m2 < 0 representation of the
Poincaré group.
The motivation for (4) and its covariant version (3) is
traced back to the pioneer study of nonlocal invariant inner
products on spaces of solutions of the Klein-Gordon
(m2 > 0) and Helmholtz equations given in Ref. [23].
There, the authors analyze general nonlocal inner products
involving general integral kernels, the solutions, and their
first-order derivatives. Imposing invariance conditions
under the corresponding symmetry group, they recover,
in particular, the inner product (2) for the usual m2 > 0
Klein-Gordon solutions (invariance under Poincaré group
forces the kernels to be Dirac delta functions in the case of
the manifestly covariant representation, where both signs of
the energy are contained). The proposed inner product (4)
turns out to be a natural extension for m2 < 0 of the
analysis there realized, allowing for regularizable divergent
kernels. Indeed, Poincaré invariance fixes the form and
coefficients of the kernels k1 and k2 and their covariant
version K.
II. THE SPACE OF OSCILLATORY SOLUTIONS
We define the Hilbert space of the theory Hosc as the
closure of the linear span of solutions of (1) made of










where jp⃗j ≥ κ necessarily. Therefore, there is a gap in the
norm of spatial momentum. This subspace of solutions will
be called oscillatory solutions, since they represent sol-
utions with an oscillatory behavior, in contrast with
solutions with jp⃗j < κ for which p0 is imaginary, and
therefore, they grow or decrease exponentially in time. The
gap in spatial momentum also introduces a spatial oscil-
latory behavior. Note that this classification is Lorentz (and
Poincaré) invariant, since a boost pμ → p0μ does not change
the relation, p020 − jp⃗0j2 þ κ2 ¼ 0 ⇒ jp⃗0j2 ¼ κ2 þ p020 ≥ κ2.
The restriction to jp⃗j ≥ κ had already been noted by
Feinberg in Ref. [1]. Now, mainly in view of (4), we
highlight several properties singularizing that space.
First, the initial value problem defined by (1), Σ, and
the prescribed initial values ϕðx⃗Þ ¼ ϕðxÞjΣ and _ϕðx⃗Þ ¼∂0ϕðxÞjΣ, is well-posed for oscillatory solutions; i.e., the
solution’s behavior changes continuously with properly
given initial conditions, whereas it is ill-posed for real
exponential solutions. We put emphasis on “properly”
because ϕðx⃗Þ and _ϕðx⃗Þ cannot be arbitrary functions
belonging to L2ðΣÞ: they must satisfy that their Fourier
transforms ϕ̂ðp⃗Þ and _̂ϕðp⃗Þ have support on jp⃗j ∈ ½κ;þ∞Þ.
Second, the Poincaré infinitesimal generators Pμ ¼ i∂μ
and Mμν ¼ xμPν − xνPμ are Hermitian with respect to the
inner product (4). In order to check this explicitly, some
recurrence relations for the Bessel functions are required
(see Ref. [24] for a similar computation). The inner product
proves to be invariant under Poincaré transformations and,
in particular, time invariant (the proof of this statement is
parallel to that presented in Ref. [23] for the solutions of the
Helmholtz equation and of the Klein-Gordon equation with
m2 > 0). This way, ϕðxÞ and ∂0ϕðxÞ in (4) can be replaced
by initial conditions on Σ, ϕðx⃗Þ and _ϕðx⃗Þ.
Also, the representation of the proper orthochronous
Poincaré group P↑þ on oscillatory solutions with the inner
product (4), given by the exponentiation of Pμ and Mμν, is
irreducible. That includes both positive and negative
frequencies, in contrast with the m2 > 0 case. A way to
verify this is by introducing a unitary transformation [see
Eqs. (8)–(10)] between the space of oscillatory solutions
and the momentum space representation, where the unitary
and irreducible representation for m2 < 0 is known [10].
Finally, the inner product (4) turns out to define a
positive definite norm on the space of oscillatory solutions,
which is key to establish the equivalence between the
configuration space representation and the known momen-
tum space representation, with support on the one-sheet
hyperboloid and which bears a positive definite inner
product: the well-known expression (2) needs to be dis-
carded for the configuration space representation as it fails
to be positive definite.
III. UNITARY EQUIVALENCE WITH
MOMENTUM SPACE
In the momentum space realization of the scalar repre-
sentation [10], the Hilbert space Hm is given by functions
on the one-sheet hyperboloid normalizable with respect to
the integration measure d4μðpÞ ∝ δðp2 þ κ2Þd4p. The
Cartesian projection on p0 ¼ 0 requires distinguishing a
positive frequency component ϕþðp⃗Þ and a negative
frequency one ϕ−ðp⃗Þ, in such a way that ϕðp⃗Þ ¼
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The subspaces of positive and negative frequencies are
orthogonal, but they are not invariant subspaces since
Lorentz boosts mix them up. Note also that this inner
product is nondegenerate on functions with support on
jp⃗j > κ, in agreement with Hm.
The momentum space counterpart of (5), eigenstates of
momentum p⃗0, are given by (recall that jp⃗0j ≥ κ is required)
ψ p⃗0þðp⃗Þ ¼ ðωpδð3Þðp⃗ − p⃗0Þ; 0Þ (for positive frequency
states), and ψ p⃗0−ðp⃗Þ ¼ ð0;ωpδð3Þðp⃗ − p⃗0ÞÞ (for negative
frequency states). The scalar product among them gives
hψ p⃗σ;ψ p⃗0σ0 im ¼ δσσ0ωpδð3Þðp⃗ − p⃗0Þ; ð7Þ
where σ; σ0 ¼ .
Let us find the transformation taking momentum space
wave functions ðϕþðp⃗Þ;ϕ−ðp⃗ÞÞ to configuration space
wave functions characterized by initial conditions ϕðx⃗Þ
and _ϕðx⃗Þ. Any oscillatory solution to (1) can be expanded






ðϕþðp⃗Þψ p⃗þðxÞ þ ϕ−ðp⃗Þψ p⃗−ðxÞÞ:














d3pðϕþðp⃗Þ − ϕ−ðp⃗ÞÞeip⃗·x⃗: ð9Þ







where ðωpÞþ ¼ ωp for jp⃗j ≥ κ, ðωpÞþ ¼ 0 for jp⃗j < κ,
ðωpÞ0þ ¼ 1 for jp⃗j ≥ κ, and ðωpÞ0þ ¼ 0 for jp⃗j < κ.
Equation (10) together with (8) and (9) define a
“Fourier” transform and its inverse, relating configuration
and momentum spaces. In particular, it can be checked that
eigenstates of momentum p⃗0 in configuration space are
mapped into eigenstates of momentum p⃗0 in momentum
space and vice versa.
We can now show that both configuration and momen-
tum space representations onHosc andHm, respectively, are
unitarily equivalent. Given that ψ p⃗σðx⃗Þ ¼ 1ffiffiffiffiffiffiffiffiffi
2ð2πÞ3
p eip⃗·x⃗ and
_ψ p⃗σðx⃗Þ ¼ −iσωpffiffiffiffiffiffiffiffiffi
2ð2πÞ3
p eip⃗·x⃗, with σ ¼ , let us compute (7) in





























d3x0fðωpÞþ þ σσ0ωp0 ðωpÞ0þge−iðp⃗−p⃗0Þ·x⃗0 ¼
1
2
ð1þ σσ0ÞðωpÞþδð3Þðp⃗− p⃗0Þ ¼ δσσ0 ðωpÞþδð3Þðp⃗− p⃗0Þ:
ð11Þ
Again, ðωpÞþ and ðωpÞ0þ are zero if jp⃗j < κ. We have
used that
R
d3xe−ip⃗·x⃗ ¼ ð2πÞ3δð3Þðp⃗Þ and that the integral






The integral involving the first kernel is divergent.
However, sense can be made of this integral with an
adequate regularization. For instance, with dimensional
regularization in dimension d, analytical continuation to
d ¼ 3 provides RR3 d3xk2ðjx⃗jÞe−ip⃗·x⃗ ¼ 4πκ2 ðωpÞþ. That
shows the positive definiteness of the kernels of the
proposed inner product.
With all that, we verify the unitary equivalence of
configuration space and momentum space representations:
we see that the computation above is in agreement with (7)
for jp⃗j ≥ κ, which is satisfied within the Hilbert space. This
also confirms the fact that the inner product is nondegen-
erate only for functions whose Fourier transform have
support on jp⃗j > κ, that is, for oscillatory solutions of (1),
exactly like (6).
We should remark that using the usual scalar product
(2) would lead, on the contrary, to hψ p⃗σ;ψ p⃗0σ0 i ¼
1
2
ðσ þ σ0Þωpδð3Þðp⃗ − p⃗0Þ, which is in clear conflict with
the positive definiteness of the inner product (6) in
momentum space representation and the restriction to the
space of oscillatory solutions in configuration space
representation.
We can now work out an example. Consider the isotropic
states defined in momentum space to have compact
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support: φpapbðp⃗Þ¼Nωpθðjp⃗j−paÞθðpb−jp⃗jÞ, where θðxÞ
is the Heaviside step function, N a normalizing constant,
and pb − pa is the bandwidth (pb > pa > κ > 0). We take
symmetric states with φþpapbðp⃗Þ ¼ φ−papbðp⃗Þ for simplicity,
as this implies _φpapbðx⃗Þ ¼ 0 [see (9)], whereas using (8),













where JnðxÞ is a Bessel function of the first kind. Two of
such states with nonoverlapping bandwidths are obviously
orthogonal in view of (6). In configuration space this is not
obvious given that the inner product (4) is nonlocal. See
Fig. 1 for an illustration. The scalar product (2) always
yields hφpapb ;φpcpdist ¼ 0 for all those band-limited sym-
metric states and therefore does not reproduce the Hilbert
space structure of Hm, which is only possible due to the
nonlocal nature of (4).
IV. PROJECTION ON THE HILBERT SPACE
Let us show another manifestation of the fact that initial
conditions for (1) can not be arbitrary functions on Σ if the
corresponding solutions ϕðxÞ are intended to support a
unitary and irreducible representation of P↑þ (we now
deepen in some ideas already present in Ref. [1]).
Inserting (8) and (9) in (10), we obtain ðωpÞ0þϕðp⃗Þ≡
ϕ̃ðp⃗Þ; that is, the identity as long as ϕðp⃗Þ has support on








d3x0ððωpÞþϕðx⃗0Þ þ iðωpÞ0þ _ϕðx⃗0ÞÞ þ
Z






















jx⃗ − x⃗0j32 ϕðx⃗
0Þ≡ ϕ̃ðx⃗Þ;







the first term giving a Dirac delta, and the second one the







, with a Bessel function of the
first kind. An analogous result is obtained for _ϕðx⃗Þ.
That may look puzzling at first sight: the expected result
would be the identity. However, it must be noted that the
convolution with the kernel k3=2ðrÞ is zero for those
functions ϕðx⃗Þ and _ϕðx⃗Þ whose Fourier transforms ϕ̂ðp⃗Þ
and _̂ϕðp⃗Þ have support on jp⃗j ∈ ½κ;þ∞Þ. Therefore, the
convolution with the kernel δð3Þðx⃗ − x⃗0Þ − k3=2ðκjx⃗ − x⃗0jÞ
projects onto the Hilbert space Hosc. As a consequence,
within the Hilbert space, supporting the m2 < 0 irreducible
representation of P↑þ, the composition of (8)–(10) is indeed
the identity, as expected.
A further comment is in order: the convolution operator
with the kernel δð3Þðx⃗ − x⃗0Þ − k3=2ðκjx⃗ − x⃗0jÞ is a nontrivial
operator in L2ðR3Þ which commutes with the operators of
the Poincaré group. However, it becomes the identity when
we restrict to the irreducible representation on Hosc, a fact
compatible with Schur’s lemma.
Let us check all that with an example. As initial
conditions for (1), one might consider familiar Gaussian
wave packets. For simplicity, we focus on a spherically




lent results are obtained for Gaussian _ϕðx⃗Þ, although we are
not interested in the subsequent time evolution]. The result
of the projection operation on the Hilbert space can be seen
in Fig. 2: we observe that the well-localized Gaussian wave
function acquires an oscillatory tail that decays slower than
the original one; actually, ϕ̃ðx⃗Þ ∼ cosðκjx⃗jÞjx⃗j2 , while ϕðx⃗Þ∼
expð− jx⃗j2
2σ2
Þ. This turns out to be a general fact: no initial
conditions for (1) localized in space can lead to oscillatory
solutions; any ϕðx⃗Þ and _ϕðx⃗Þ are necessarily spread over
the entire Cauchy hypersurface Σ [1].
FIG. 1. Configuration space radial wave functions φpapbðrÞ of
two orthogonal band-limited symmetric states with the momen-
tum space wave function φpapbðp⃗Þ ¼Nωpθðjp⃗j−paÞθðpb− jp⃗jÞ.
The radial coordinate r is in units of κ−1. The dashed red line
represents the state with pa ¼ 2κ, pb ¼ 3κ, and the solid black
represents pa ¼ 3κ, pb ¼ 4κ. A magnification over a wider
domain is shown.
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V. DISCUSSION
Once the missing scalar m2 < 0 representation in con-
figuration space have been realized, and the corresponding
inner product established, there are still several issues to be
addressed. Given that the inner product (4) [as well as (3)]
is positive definite, it seems possible to define a relativistic
quantum mechanics for wave functions satisfying (1). In
fact, we have already seen that a suitable definition of the
Hilbert space in terms of oscillatory, delocalized functions
is necessary, as well as a nonlocal inner product. If possible,
a precise definition of the density of probability in
configuration space would also be required, a definition
that might include a nonlocal operation, such as the
convolution with certain oscillatory kernels (for the case
of the Klein-Gordon equation with m2 > 0, see Ref. [10];
see also Ref. [25]). However, it must be pointed out that
these circumstances are not that new: we have already
encountered an analogous situation for the quantum
mechanics in momentum space of a free particle moving
on a sphere [24], which turns out to be completely
equivalent to the usual one in configuration space [26].
Of course, whether the delocalization of the wave function
implies that the field is physically delocalized in space,
raising the question of the existence of a particlelike
behavior, requires further study, as we have already
remarked that a probabilistic interpretation in accordance
with the inner product (4) is to be developed. In any case,
these peculiar features of the free theory may have
implications in the analysis and even in the very definition
of causality for an interacting “tachyonlike” quantum field
theory.
Besides the already mentioned probabilistic interpreta-
tion, the nonscalar, infinite-dimensional representations [9]
remain to be found in configuration space. To determine
whether a scalar or nonscalar tachyonlike representation are
to bear some physical significance at the fundamental level
and/or fully develop a quantum field theory, a careful
analysis of causality is required in light of the delocaliza-
tion property. For that aim, the form of those interactions
compatible with Poincaré symmetry should also be ana-
lyzed, as well as the time evolution.
It would also be convenient to have at hand a generalized
form of the present inner product in such a way that the
same expression would be directly applicable to physical
systems containing fields with a different sign ofm2, hence
treating those fields on an equal footing in a unified manner
within the theory. It seems straightforward to achieve this
unification by following the scheme given in [23] and







K11ðjx⃗ − x⃗0jÞ K12ðjx⃗ − x⃗0jÞ






Invariance under the corresponding representation of the
Poincaré group will fix the values of the matrix kernel
coefficients. For instance, for m2 < 0, we recover Eq. (4)
with K12¼K21¼0 and K11ðrÞ∝k2ðrÞ and K22ðrÞ ∝ k1ðrÞ,
with k1 and k2 given after Eq. (4). For m2 > 0 and the
manifestly covariant case (i.e., with both signs of the
energy included), we recover Eq. (2) with K11¼K22¼0
and K12ðrÞ ∝ δðrÞ and K21ðrÞ ∝ −δðrÞ. Nevertheless, the
inclusion of the m2 ¼ 0 case (and the m2 > 0 case with
only the positive sign of the energy, thus irreducible)
requires further study.
Finally, the framework described here may play some
role as a piece in a broader physical theory. There have been
many contributions in that direction, such as in string
theory [12,13], supersymmetry [14], quantum field theory
in curved spacetime [15], cosmology [16,17], spontaneous
symmetry breaking [18,19], QCD [20], condensed matter
[21], or even in the study of liquids [22]. Maybe the
analysis of quantum effects in those contexts might require
a revision with the new inner product (4) (or a generali-
zation) in mind. In fact, we want to stress that the aim of
this work is more preliminary and/or fundamental: we have
just provided the inner product (3)–(4) and, from that, the
new configuration space realization of the scalar m2 < 0
representation of P↑þ.
FIG. 2. The nonadmissible Gaussian wave function ϕðrÞ as an
initial condition (dashed red) and its corresponding (admissible)
projection ϕ̃ðrÞ on the Hilbert space of oscillatory solutions for
σ ¼ 2=κ (solid black). The radial coordinate r is in units of κ−1.
A magnification over a wider domain is shown to appreciate the
oscillatory tail.
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